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1. INTRODUCTION

The notion of the spirit of capitalism is proposed as capturing the drivers
for wealth accumulation, consumption and social status. In recent stud-
ies, the spirit of capitalism is regarded as an important way to explain
consumption behavior, for example, Bakshi and Chen (1996), Zou (1998),
Gong and Zou (2002), Kenc and Dibooglu (2007), Luo, Smith, and Zou
(2009) and Karnizova (2010). In addition, how the spirit of capitalism
affects asset returns has been discussed in Smith (2001) and Boileau and
Braeu (2007). However, the literature does not provide a direct answer
to the question as to whether the spirit of capitalism can quantitatively
explain the equity premium puzzle. This paper tries to answer this by
following the analytical method in Bansal and Yaron (2004) and investi-
gating whether the results from a consumption-based capital asset pricing
(CCAPM) model, incorporating the spirit of capitalism, explain the equity
premium puzzle.

In the literature, to solve the equity premium puzzle, the habit-formation
model of Campbell and Cochrane (1999), building on work by Abel (1990)
and Constantinides (1990), considers the importance of a positive effect
from today’s consumption on tomorrow’s marginal utility of consumption.
A small but persistent unobservable common component in the time-series
processes of aggregate consumption and dividend growth, put forward by
Bansal and Yaron (2004) as the long-run consumption risk (LRR), char-
acterizes a specific cashflow dynamic, see Bansal et al. (2007a), Bansal et
al. (2007b), Hansen et al. (2008) and Yang (2011). They combine the
latent LRR component with recursive preference of Epstein and Zin (1989,
1991) and Weil (1989). This is a notable generalization of the power utility
which separates the coeflicient of relative risk aversion from the elasticity
of intertemporal substitution in consumption. More recently, the role of
rare disasters has been intensively discussed, e.g., Barro (2006), Wachter
(2013) , Barro (2009), Gabaix (2010) and Barro and Jin (2011). Dreyer et
al. (2013) discuss the saving-based asset-pricing, where the growth rate of
aggregate wealth is included in utility function.

In this paper, before we create a model of the spirit of capitalism to
explain the equity premium, we study the empirical relationship between
the wealth growth rate and the equity premium. If we regress the equity
premium on the consumption growth rate, the dividend growth rate and the
wealth growth rate, then we find that the wealth growth rate significantly
affects the equity premium. Moreover, the results show that high wealth
growth requires a high premium. This can be explained as the effect of the
spirit of capitalism on the equity premium, as when investors care about
their level of wealth and anticipate high wealth levels in the next period,
they need a high premium to participate in a risky investment.
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Next, we build our model according to Bakshi and Chen (1996), where
wealth is directly included in the utility function. This implies that agents
care about social status in addition to consumption. Following Bansal
and Yaron (2004), we specify the processes for calculating consumption
growth rate, dividend growth rate and conditional volatility, and solve the
model in terms of state variables. Using real data, we calibrate the model
and generate equity returns, risk-free rates and dividends. We find that
our simulated data matches the means and the volatilities of the equity
premia, equity returns and risk-free rates observed in the real data.

Numerically, in our base model, we set the risk aversion coefficient, -y,
at 10 and the social status sensitivity coefficient, A, to 15. Our model
generates an equity premium of 6.03% annually with 19.35% volatility. In
addition, we adjust the value of A to analyze the effects of social status on
the equity premium. We find that the equity premium increases with A.

The rest of this paper is organized as follows: Section 2 describes the
data. Section 3 displays the empirical relationship between wealth and the
equity premium. Section 4 introduces our model with the numerical results
presented in Section 5. Section 6 concludes.

2. DATA

We collect annual data from 1950 to 2013. Consumption data is the sum
of nondurable goods and services in real terms from the US Department
of Commerce, Bureau of Economic Analysis, NIPA Table 2.3.3. The data
source for US population is the US Department of Commerce, Bureau of
Economic Analysis, NIPA Table 2.1, line 40. The data are transformed to
be per capita and in log—difference form to capture the growth rate. The
stock market returns are the value-weighted annual returns from CRSP.
The deflator is inflation index from CRSP. Risk-free rates are the 90-day
treasury bill rate. The stock market returns and the risk-free rates are
inflation-adjusted.

Wealth is defined as asset wealth plus financial wealth. Asset wealth
is the net worth of households and nonprofit organizations while financial
wealth is total financial assets minus total liabilities of households and
nonprofit organizations. All data are collected from the Board of Governors
of the Federal Reserve System, Financial Accounts of the United States
(Z.1), Table B.100. The net worth values of households and nonprofit
organizations are from Series FL152090005.A. The total financial assets
are from Series FL.154090005.A. The total liabilities values of households
and nonprofit organizations are from Series FL.154190005.A.

Table 1 summarizes the means the standard deviations of the equity
premium, the consumption growth rate and the wealth growth rate.
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TABLE 1.
Statistic Properties

Premium Consumption Growth Dividend Growth  Wealth Growth

Mean (%) 6.03 1.83 1.97 6.77
Std. Dev. (%)  18.02 1.17 11.86 5.10

3. EFFECTS OF WEALTH ON PREMIUM

Since the spirit of capitalism says that wealth can affect consumption and
hence asset returns, we try to find empirical evidence of this. We regress
the equity premium on the consumption growth rate, the dividend growth
rate and the wealth growth rate. As shown in Figure 1, the time series
of the four factors do not exhibit an obvious trend, so the ordinary least
squares regression can be applied here.

Table 2 summarizes the results of the regression. The adjusted R? value
is 0.65. The estimated coefficient of the wealth growth rate is 1.8088 with
a p—value of 0, so the wealth growth rate has a positive effect on the equity
premium.

A positive 3 value implies that when investors anticipate a high wealth
level in the next period, they need a higher risk premium to induce them
to participate in a risky investment. This is reasonable since involvement
in a risky investment may induce loss of wealth, which they care about.

TABLE 2.

Effects of wealth on premium

estimate  Std.Dev. t— stat p—wvalue
Bo  —0.0643 0.0263 —2.4414 0.0177
B1 —0.5948 1.0937 —0.5439 0.5886
B 0.5395 0.1301 4.1474 0.0001
B3 1.8088 0.3123 5.7912 0

This table provides the estimation results for the re-
gression: rm — 715 = Bo+ 19+ B2gq + B3gw + e, where
rm — 7y is the equity premium series, g, g4, gw are
the consumption growth rate, dividend growth rate
and wealth growth rate, respectively. The adjusted
R? value is 0.65.

4. MODEL
4.1. Pricing Kernel

We consider a representative agent model, where the agent has a pref-
erence incorporating the spirit of capitalism. Following Bakshi and Chen
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U(C, Wi) = S W, (1)

where Cy and W; are the agent’s consumption and wealth levels and v > 0.
A > 0 when v > 1 and A < 0 otherwise. |A| measures the extent to which
the investor cares about social status.
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Given the budget constraint, the agent maximizes

maxc,,w, Z SU(Cy, W) (2)
t=1
Wy = Pp By + Cy + Pgs .S, (3)
Wis1 = Lig1 + (Psq41 + Dst41) St + By (4)

Each period, the representative agent derives utility from consumption
Cy, buys S; stocks at price Ps, and holds B; bonds at price Pg which
will return one dollar next period. Then, in the next period, the agent
receives back B; and wage Ly, possesses S; stocks at price Pg4q1 with
its corresponding dividend Dg ¢41; the sum of the agent’s wealth.

The stochastic discount factor, My, implied in this model is

OU(Cyy1, Wi11)/0C11
OU (Cy, Wy)/OCy '

My =9 (5)

The derivation of the pricing kernel is in Appendix B. The logarithm,
my41, can be expressed as

Mmyy1 = 1086 — YGsy1 — Arw 41, (6)

where g;11 is the growth rate of consumption and 7, 11 is the return of
the portfolio, of which the dividend is equal to consumption.

Following Campbell and Shiller (1988) and Bansal and Yaron (2004), the
market portfolio return, 7y, +41, is:

Tm,t+1 = kO,m + kl7mzm,t+1 — Zm,t + 9d,t+1 (7)

where d; and p; represent the log-value of dividend and price, 2z, =
log % = p; — d; is the log price-dividend ratio, and gq++1 = di41 — d; is
the dividend growth rate. ko, and ki ,, are constant.
Similarly, the log-wealth return, r, +41, can be expressed as:

Twt+1 = ko + k1241 — 2¢ + get1, (8)
where z; = py — ¢ is the log price-consumption ratio and g¢41 = ¢t41 — ¢t

is the consumption growth rate. ¢; is the log-value of consumption. kg and
k1 are constant.
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4.2. Solving the Model

We specify the processes of the consumption growth rates and the divi-
dend growth rates as

41 = [+ Dcgs + 041

Jd,t+1 = Md + Pagi+1 + PaotUi41 (9)
9 9 2 9

oipy =0+ vi(of = 0%) + owwi

Ne+1 5 Ut41 5 W1 ™~ i.1.d. ]\](O7 1).

Fluctuating economic uncertainty is represented by the process of o7 with
a mean of o2. The three shocks in Equation (9), m:41, usy1 and wyyq,
are mutually independent. To ensure the stationarity of the process, we
restrict 0 < ¢, < 1. We introduce two additional parameters, ¢4 > 0 and
wq > 0, to calibrate the volatility of dividends and its correlation with
consumption.

Following Bansal and Yaron (2004), we conjecture that the approximate
solutions for the log price-consumption ratio z; and log price-dividend ratio
Zm,t are:

2 = Ao+ Aigr + Aso?

10
Zmt = AO,m + Al,mgt + A27’mo-t2' ( )

Here, g; and o; are two state variables, and Ag, A1, A2, Ao.m, A1,m and
Asg i are constants. Their values are obtained by considering

Et[emt+1+7‘m,t+1] — 1’
Et[emt+1+rw,t+l] = 1. (11)

Details of the derivations are presented in Appendix E and H.
We see that A; and A, are

A, = (A=A
1 (1-N)(1-k1dc)’ 192
A, — L(1-A—y+k1 A1 —Xk1 A1)? ( )
2 (I=N)(1—k1v1) )

Given the values of A; and Ay, and that mi11 = 1080 —YGr41 — ATy 41,
we derive the innovation of m;;1 as

miy1 — Etmt+1 = —)\m,nUtnt+1 - Am,waU/thl, (13)
where Ay, y = Y+ A+Ak1 A1 and Ay, = Ak1Ag. The Ay, ) and Ay, o values

capture the pricing kernel’s exposure to independent consumption shock
and fluctuating economic uncertainty. A salient feature of the expression
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is that both A, , and A, ,, increase as X increases, which implies that the
more agents care about their social status, the larger is the magnitude of
the innovation of the pricing kernel.

Similarly, A, and Ag ., can be obtained as

Al,m _ (FA=y—Ak1 A+ ¢a)de+AAL

1_k1,nL¢c ’
A L Hm+AA2—Xk1 Asvy (14)
2,m =

1—-viki,m

3

where H,,, = (=X — v — M1 A1 + ki mA1m + ¢a)* + 02

4.3. Equity Premium and Market Volatility
After we obtain Ag, A1, A2, Ag.m, A1,m and A, the conditional equity
premium is:

1
Et[r’m,t+1 - Tf,t+1} = 6mm>‘mm‘7t2 + /Bm7wAm7wU12H - 5[(:81%1,,7] + ‘93)0752 + B?n,wo'?u](lg))

where
5m,n = kl,mAl,m+¢d (16)
Bm,w = kl,mAZ,m (17)
Vary(rmis1) = Ei(rmir1 — Eirmoir1)?
= (B + 92T + B w0 (18)

The equity premium now has two sources of risk, o7 and o2, the first
being from fluctuations in consumption growth, and the second from eco-

nomic uncertainty.
The unconditional variance of market return is

Var(rm) = (k1,mA1,m + ¢4)2E(02) + [(k1,mA1,m + ¢a)pc — A1,m]*Var(ge)

+(k1"m’j1 - I)QA%,mva,r(JtZ) + @?iE(atQ) + k%,mAg,ngJ' (19)
The unconditional expectation of the risk-free rate! is
1
E?"fﬂg_;,_l = — 10g5 + ’}/Egt+1 + )\Erw,t—}-l — g(AZ@nE(UE) + )‘gn,wagu)
+ YA(k1 AL + 1) E(0}). (20)

The unconditional variance of the risk-free rate is

Var(rye) = (A5 + M1 Ar)ge — AA1)*Var(g) (21)
+[)\]€1A2V1 - /\AQ - %)\72%77 + 'Y)\(klAl + 1)]2‘/047‘((7?).

"Here, E(rw,t+1) = ko + k1(Ao + A1Egiy1 + A2Eo, ) — (Ao + A1 Egt + A2 Eo?) +
Eg¢11, the details of which are shown in the appendix.
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All the details are in Appendix D.

5. NUMERICAL RESULTS

We calibrate the model for annual frequency. The parameters are cali-
brated to match the first and the second moments of the real data. The
calibrated parameters are listed in Table 3. Among these parameters, we
notice that risk aversion coefficient ~ is set at 10, which is a reasonable
value according to the literature.

TABLE 3.
Calibrated Parameters

1 Lbd de o ©Pd 0
0.0062 —0.0739 0.5102 7.4361 13.3953 0.998

121 o Ow Y A
0.9497 0.0071 1.68 x 1075 10 15

The calibrated parameters that follow are based on annual

frequency.

We use the model to simulate the data, and compare with the real data.
Table 4 reports the results. We can see that the sample means of the
simulated data are very close to their counterparts in the real data. The
risk premium generated by the model is 6.02% annually with a volatility
of 19.35%. The risk premium using the real data is 6.03% with 18.02%
volatility. In addition, most of the observed data fall into the 5th and 95th
quantile intervals of the simulated counterparts, except for the expectation
and volatility of the consumption growth rate.

5.1. Effect of the Spirit of Capitalism

To highlight the role played by the spirit of capitalism, we adjust the
value of A and keep the other parameters fixed. In the baseline model, A
is set at 15. Here, we set it at 20 and then 30, and see how A affects the
simulated data. Table 5 summarizes the results.

When ) increases from 15 to 20, and then 30, we see that the risk pre-
mium increases dramatically. When A = 20, the risk premium increases to
9.64% and its volatility increases to 21.49%. This is not surprising because
when investors care more about their social status, they require a higher
premium to induce them to participate in a risky investment. Additionally,
when they care more about social status, they choose to put more assets
into the equity with a higher return, rather than in the risk-free asset, so
as to accumulate wealth more quickly. So, we observe that both the equity
return and the risk-free rate increase along with .
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TABLE 4.
Model-implied Numerical Results
Model Data
Mean 5% 95%
E(g9)[%)] 1.27 1.20 1.35 1.83
a(g)[%] 0.86 0.73 0.98 1.17
AC1(g) 0.51 0.44 0.56 0.47
E(ga)[%)] 2.08 1.31 2.81 1.97
o(ga)[%] 11.78 10.08 13.36  11.86
AC1(ga) 0.15 0.08 0.22 0.24

corr(g, ga) 0.54 0.49 0.59  0.53
E(rm —r)[%] 602 520 689  6.03

E(rm)[%) 6.58 554  7.69  7.12
E(ry)[%] 0.53 0 1.05  1.12
o(rm —rp)[%  19.35 16.83  21.96 18.02
o (rm)[%] 19.62  17.05 2212 18.85
o(rs) %] 1.70  1.40 195  1.66
E(E) 35.95 3311 38.80 31.21
o(log £) 0.282  0.239 0.328 0.322

AC1(log %) 0.91 0.88 0.93 0.89

This table summarizes the means and the 95% and 5%
quantiles of the simulated data. The model-implied
results are based on 1000 simulations. In each sim-
ulation, 1000 observations are simulated. The last
column shows the empirical annual results, based on
the data from 1950 to 2013.

Moreover, the volatilities of both the equity return and the risk-free rate
increase to 21.85% and 2.06%, respectively, when A = 20. This is due to, as
shown in Appendix F, the volatility of the SDF increasing when A becomes
large. This leads to more volatile PD ratio, equity return and risk-free rate
values.

5.2. Effect of Risk Aversion

We also explore the effect of risk aversion coeflicient . Obviously, when ~
is larger, the investor is more risk averse which generates a high premium.
Our simulated data displays this property clearly, as shown in Table 6.
When v = 10, the premium is 6.01%, while it is 14.33% when we increase
v to 20. We also observe that both equity return and the risk-free rate
increase when v increases. This is because the intertemporal elasticity of
substitution is 1/7, which decreases with an increase in 4. So the high ~
value decreases the substitution effect. When the intertemporal elasticity of
substitution is low, investors prefer to consume, instead of save. Therefore,
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TABLE 5.
Model Implications for A
A=15 A=20 A =30
Mean 5% 95% | Mean 5% 95% | Mean 5% 95%
E(rm —ry)[%] 6.03 5.08 6.91 9.64 8.74 10.56 | 22.74 21.70 23.88
E(rm)[%] 6.57 5.47 7.69 10.62 9.43 11.87 | 24.06 22.46 25.74
E(ry)[%] 0.51 0 1.06 0.98 0.35 1.65 1.32 0.40 2.30
o(rm —ry¢)[%] 19.23  16.84 2197 | 21.49 1882 23.98 | 28.20 25.01 31.29
o (rm)[%)] 19.58 17.09 22.27 | 21.85 19.16 24.60 | 28.89 25.59 32.08
o(ry)|[%] 1.67 1.38 1.95 2.06 1.76 2.40 2.90 2.43 3.38
E(%) 35.90 33.07 38.77 | 14.42 12.97 15.82 0.89 0.77 1.01
o(log %) 0.283 0.238 0.325 | 0.349 0.299 0.404 | 0489 0.414 0.566
AC1(log %) 0.91 0.89 0.94 0.92 0.90 0.94 0.93 0.91 0.95

This table reports the results of 1000 simulations for different values of A.

the risk-free rate increases with . Since the risk premium increases, the
equity return increases as well.

Similarly, the volatilities of both equity return and the risk-free rate
increase with v. When A becomes large, the volatility of the SDF increases,
which leads to more volatile PD ratio, equity return and risk-free rate

values.
TABLE 6.
Model Implications by
v=10 v=15 v =20

Mean 5% 95% | Mean 5% 95% | Mean 5% 95%
E(rm —r)[%] | 601 510 691 | 925 834 1018 | 14.33 1323 15.38
E(rm)[%] 6.54 5.45 7.66 10.27 9.12 11.67 | 15.72 14.31 17.22
E(ry)[%)] 052 0 105 | 1.06 017 208 | 142 0 283
o(rm — 1) [%] 19.21  16.82 21.95 | 22.06 19.42 24.78 | 25.53 22.57 28.49
o (rm)[%)] 19.47 17.07 22.14 | 22,52 19.96 25.21 | 26.26 23.22 29.29
o (rs)[%) 1.66 141 195 | 2.95 250 346 | 450 3.78 526
E(%) 36.03 33.08 38.77 | 16.31 14.60 18.05 5.32 4.65 5.98
o(log %) 0.281 0.240 0.327 | 0.365 0.311 0.423 | 0.453 0.384 0.527
AC1(log %) 0.91 0.89 0.94 0.92 0.90 0.94 0.93 0.90 0.95

This table reports the results of 1000 simulations for different values of ~.

6. CONCLUSION

This paper explores whether the spirit of capitalism can explain the
equity premium puzzle. First, we regress the equity premium on the con-
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sumption growth rate, dividend growth rate and wealth growth rate. We
find that the estimated coefficient of the wealth growth rate is significant
and positive, which means that wealth does affect the equity premium.
Next, we set up a CCAPM which includes the spirit of capitalism, and
follow the method of Bansal and Yaron (2004) to solve the model. We find
that the simulated data from our calibrated model matches the mean and
the volatility of the equity premia, the equity returns and the risk-free rates
in the real data. This means that the spirit of capitalism can explain the
equity premium. Moreover, when )\, the extent to which the investor cares
about social status, is adjusted, we find that the equity premium increases
with A.

Our paper uses the framework of a representative agent model. While, it
is quite reasonable to assume that investors are heterogeneous in terms of
A and explore the extent of the effect that the framework has on the equity
premium puzzle. This is left for future research.

APPENDIX: A. GENERAL EXPRESSION FOR THE
EQUITY PREMIUM

Starting from Euler equation Ey[(1+ R; ;+1)M;11] = 1, in which M4 =

é u;(/?ét)l) is the stochastic discount factor, by defining 7; ;41 = log(1l +

Ri1y1) and myy1 = log My, we have this alternative form of the Euler
equation:

Et [67’71,1,+1+mt+1] =1.
By taking the log of F:[(1 + R; t41)Mi41] = 1, we have?

1
Etri,t—o—l =+ Etmt+1 + 5(0'12 + 0'72n + 2(sz) = 0

where 7 141, m¢41 are assumed to be jointly log-normal and homoskedastic.
For the risk-free rate, since ofc = ofm = 0, we have:

1
Et’r’f7t+1 + Etmt+1 + *O’?n =0.

So we have the equity premium:

1
Eirise1 —rpe1] + 501-2 = —Oim,

2If X is conditionally log-normal, we have log X is conditionally normal. Also from the

1 2,2
moment generating function of normal distribution, we know that E(etY) = e#t+297¢

if Y ~ N(p,02). So Bi[X] = ElelosX] = ¢Fellos XI+3Vardlos X 155 [ X] =
Et[log X] + %Vart [log X] ,where Vari[log X] = E¢[(log X — Etlog X)?].
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or alternatively:

1
Ei[ri 41 —Tf,t+1]+§Va7“t (rig41) = —Covy[ry 41 —Eyri t41, Mys1 —Epmyya).

APPENDIX: B. THE PRICING KERNEL

The pricing kernel under the utility of Spirit of Capitalism can be derived
as follows:

M1 = log Miiq
OU(Cry1, Wis1)/0C 11
U (Cy, W,)/0C;
—y i —A
— tog(s AW
oW,

= log(¢

)

=logd — vlog(cgzl) — /\log(V[;Zl)

=1logd — ygr41 — ATw,t41

APPENDIX: C. APPROXIMATION
The log-market return
Here P, is the price level and D, is the dividend,

P 1+ D
Tm,t+1 = 10g(1 + R77l7t+1) = IOg %
t
Pii1+ Dy P+ Dy
=lo +1lo
&P+ D, I)
Pt+1+Dt+1_Pt_Dt Pt
= log(1 + —lo
g( P, + D, ) S P, + D,
~Pt+1+Dt+1_Pt_Dt_O 1
Py + Dy glJFedtipt

Define d; = log Dy, p; = log P; , also assume that the ratio of price to the
sum of price and dividend to be approximately constant over time>.

3This assumption is from Campbell & Shiller (1988), which fits the real data since
such a ratio is highly stable(especially in monthly data).
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k1 m(Piy1 — Pr) n (1 —k1,m)(Dix1 — Dy)
P, Dy

= kLm(pt-&-l —pe) + (1 - kl,m)(dtﬂ - dt) — log k1,m

= k1mPer1 + (1= kym)dirr — (1 — k1) (de — pe) — pe — log k1 m

= kom + k1mpeyr + (1 — kim)dir1 — py

Tm,t+1 = - IOg kl,nb

Here we define ko = —log k1 m — (1 —k1,m)(di —pi) = —log ks m — (1 —
kl,m) log(ﬁ - 1)'

Tmt+1 = kom + k1 mPer1 — Bimdiyr —pr +de +diyr — de
= kO;m + kl,mzm,t+1 — Zm,t + 9d,t+1
Here we define z,, ;+ = log % =pt —di and gqe41 = de1 — dy.

The log-wealth return
C} is the consumption.

P +C
Pt = 10g(1 + Ry pq1) = log —+——=

P
PtJrl -|— Ct+1 Pt + C’t
=1lo +lo
s P+ Cy & P
P +C—P—-C P,
= log(1 + —lo
g( P10, ) o)
P+t G - P —C log 1
Pt—l—Ct 1+€Ct7pt

We suppose the ratio of wealth invested in the assets is a constant kj.

ie. k1= Ptljjct = 1+e}t,m 4 in which ¢; = log Cy, p; = log P;.
k1(Piy1 — P, 1-k -
P — 1(Pry1 — P) n ( )(Ci1 = Cy) log by

Py Ci
=ki(per1 —pe) + (L= k1)(cep1 — ci) — loghy
=kipryr + (L= ki)espr — (1= k1) (et —pe) — pe — log ks
= ko + k1pe+1 + (1 — k1)cerr — pe

Here we define kg = —log k1 —(1—k1)(ct—pi) = —log k1 —(1—k1) log(kil—
1)

4k; is approximately 0.997 according to Bansal & Yaron (2004)
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Twt+1 = ko + kiDi41 — Kicip1 —De + ¢ + 1 — &
= ko + k1241 — 20 + g

in which z; = py — ¢4, g1 = Ci1 — ¢t

APPENDIX: D. THE UNCONDITIONAL MOMENTS

If gro1 = p+ dege + ompr1 and U?H =0+ v1(0? — %) + opwiy are
stationary processes®, then the unconditional moments of the process can
be calculated as:

__H — g =
_ p _ ¢>2 Pioe
Blga) = patday g SDlga) =015 +¢i  ACl(ga) = Bre(l—6)
corr(g, 94) — iz
o5+ il —¢2)
P P 2
E(log 5) = Aom + A1,m1 my + A mo®  sd(log 5) \/A% - o’ T + A2 mlf’ri%

2 o2 2 a2
P Alm(bcl 32 +A2m1/11 ulj,
ACl(logE): pra, ¢2+A2m1
vi

APPENDIX: E.SOLVE A; AND A,

Let 7441 = ruw,+1 and solve A; , As.
Now we have the Euler equation as:

E{expllogd — vgi+1+ (1 = N7y +1]} =1

In all the following steps, we omit the constant terms (terms that have
nothing to do with g; and o), because we can let them to be 1 by setting
a proper value for A4y.%

5The conditions for them to be stationary are |¢.| < 1 and |v1| < 1, which will be
embodied in our calibration.

61n every step followed, we will drop some constants. Our goal is to let all the constants
dropped in all steps combined to be 1, so we don’t equate the following expressions to
1.
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E{exp[=vgi+1 + (1 = A)(k12e41 — 2 + ge1)]}

E{exp[(1-A=7)ge+1+(1=N)k1 (A1ge+1+ 4207, 1) —(1-A)(A1g:+A207)]}

E{exp[(1 = A=y + ki1 Ay — M1 A1) (0emq1 + dege) + (1 — Nk Ao (vi07 +
owwir1) = (1= N A1ge — (1 = N)Az07]}

exp[%(l — )\—’Y—F/ﬁAl — /\k1A1)20't2] ~exp{[(1 - —’Y+k1A1 —)\klAl)(]Sc —
(1= X)A1]ge} - exp{[(1 = Nk1Azv1 — (1 = \)As]o7} - exp[5(1 — A\)*kfAZo7]

The last term exp[4(1 — A\)?k?A302] is a constant, so we drop it. The
remaining three terms should equal 1 for all values of g; and o?. So we
have:

(1 —A—"v+kA — )\klAl)(bc - (1 — )\)Al =0
F(1= A=y + kA — My A1) + (1 = Nk dory — (1= M)A =0

Solve them shows:

Al — (1 —A— ’Y)‘éc
(1 =21 = k1gc)
A2 _ %(17/\7")/%’]431141 7Ak1A1)2

(1 — )\)(1 — kll/l)

All the constant terms we omit are:

logd + (1 — A=+ (1 - /\)klAl),u + (1 - /\)ko + (1 — )\)kle + (1 —
)\)klAQ(l — V1)0'2 - (]. - )\)AO + %(1 - )\)Qk%A%O’Z} =0

So we can calculate Ay as:

" logd+ (1= A=+ (1 =Nk A)p+ (1 = Nko + (1 — Nk A2(1 — v1)0? + 3(1 — A)?k3 Ado2
O =

(1 =21 = k)

APPENDIX: F.THE INNOVATION OF PRICING KERNEL

Since Etgt+1 = N+¢Cgt , Etzt-i-l = AQ+A1Etgt+1—|—A2EtUt2+1 y Etat2+1 =
0% +v1(0?2 —0?) , The innovation of pricing kernel (m;;1 = log§ —ygs 11 —
ATy t41) can be calculated as:

M1 — Eymepr = —v(9e41 — Erge1) — MTw,t41 — Eerw+1)
= —vomey1 — ME1(2ze41 — Erzeg1) + (9e11 — Ergeg1)]
= (=7 = N1 — Ak [A1(ger1 — Erger) + As(of g — Eyopyy)]
= (=7 = A= M1 A1)onep1 — M1 Ao wig s

- _/\m,natnt+1 - )\m,wowwt+1
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in which /\7’7-,77 =7 + A + )\klAl y /\m,w = )\klAQ .
The conditional variance of pricing kernel:

Vart(th) = Ef(mt_H — Eth_l) = )\ + )\2

mww

APPENDIX: G.THE INNOVATION AND THE EQUITY
PREMIUM OF Rw, 141

The innovation of 7y, z41:

Twt+1 — Et(rw,t+1) =k [Zt+1 - Et(zt+1)} + g1 — Et(gt+1)

=k1[A1(ge11 — Bi(gi1)) + Az(07 1 — Br(0741))] + gre1 — Be(gr41)
=1+ k1A1)ome 1 + k1 A0 wiq1
So the conditional variance is:
Vari(roi) = (1+ ki A)?0? + k3 A20?
The conditional premium of 7y, ¢+41:
1
E; [Tw,t+1 - 7"f,t+1] =—Coy [mt+1 - Etmt+177°w,t+1 - Et(Tw,tJrl)] - §Va7“t [Tw,t+1]

1
:)‘m,n(l + klAl)UtQ + )\m,wklAgoi ~3

APPENDIX: H. SOLVE A; jp AND Aj v

Let r; t+1 = mt+1 and solve Ay, , Ao
as:

m - We have the Euler equation

s

E, [eIOE 5—’Ygt+1—)\Tw,f,+1+7“m,t+1] =1

For the same reason, we omit the constant terms every step.
Ey{exp[—vgi+1 — (k12t+1 — 2zt + ge41) + (k1mZm,e41 — Zmt + gaa+1)]}

As 02 1) — (ALmge + A2m0?) + paoiuir + Gagis1]}
E{exp[(—A=y=Ak1 A1+k1,m A1 m+0a) (0enit1+dege) +(NAT— Ay ) e+
(kl,mAz m — M1 Ao) (1102 + opwigr) + (/\Az Ao im)o? + pactuii]}
exp[3(—A — 7 = Ak1 Ay + k1 mArm + ¢a)?07] - exp{[(—A — v — k1 A1 +
kl,mz‘h m + 0a)Pe + AA; — Al m]gt} exp{[(k1,mAzm — Ak1As)v1 + XAy —
Az m)o?} - exp(330?) - expl (k1mAom — Ak1A2)2 o2]

(14 k1 Ay) %07 + k2 A302]

[—
E{exp[(—=A— 7)9t+1—>\/€1(A19t+1+A2Ut+1)+)\(A19t+A20t)‘Hflm(Al myt+1+
) —
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The last term exp[%(kLmAgm — Mk1A2)%02] is a constant, so we drop
it. The remaining four terms should equal to 1 for all values of g; and o?.
So we have:

(=A== Ak1 A1 + k1 Av i + d)de + AAL — Ai =0

1 1
5(—)\ — v = A1 Ar +F ki mArm + ¢d)2 + (ki,mAz2m — A1 Ag)v1 + XA — Ao + 5@3 =0

Solve them shows:

(A =7 = Ak1 A1 + da)pe + AAL

Ay =
b 1- kl,m(bc
%Hm + )\AQ — )\klAQVl
A2 m = )
' 1=k

where Hm = (7)\ -7 — )\klAl + kl,mAl,m + ¢d)2 + (p?l

All the constant terms we omit are:
logd — kg — Ak1 Ao + Ao + ko.m + k1,mAo,m — Aom + d — (v+ A+
Moy Ay = ki Arm — o) — (Mk1 Az — k1 mAom)(1 — v1)o? + L (N1 Ay —
kl,mAQ,m)Qo-?u =0

So we can calculate Ag , as: Ag m = (logd — Akg — A1 Ao+ AAg + ko m +
pa— (v A+ k1 Ar — k1 Arm — da)pp — (M1 Az — k1 Ao m) (1 —11)0% +
L( Ak Ag — k1 Ao m)?02)(1 — ki) "

APPENDIX: I. THE EQUITY PREMIUM AND THE
MARKET VOLATILITY

Since Eyzm,t+1 = Aom + AtmEigiv1 + Ao mEroiy , Eigausr = pa +
¢abigiy1 -
The innovation of r,, +11 can be calculated as:

Tl — Eirmit1 = k1m (Zmott1 — ErZmoas1) + 9dat1 — Birga41
= k1m[A1m(ge01 — Brger1) + Aam(071 — Eiofyy)]
+ @aoiuiy1 + ¢a(gir1 — Eirgitr)
= (k1,mA1,m + 0a)otNes1 + ki,m A2 mOuwWit1 + ©aoiUe i1
= Bmn0tNi+1 + Bm,wTwWit1 + PaotU4+1

in which ﬁm,n = kl,mAl,m + ¢d ’ ﬁm,w = kl,mAZ,m'
So the conditional variance can be calculated as:

Vary(rmi1) = Bi(rmis1 — Birmar1)® = (B, + 0307 + Ban w0
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The conditional equity premium can be derived:

1
Eilrmpat1 — 1] = —Cov[rm 141 — Eerm g1, Me1 — Eymyiq] — §Va7“t [T, t41]

1
= Bm,nAm,nU? + ﬁm,wAm,wo-'LQu - 5[( + Spd)o-t + 6771 w w]

So the unconditional equity premium is:

Elrpmas1—rpe41] = ﬁmm)‘m,nE(ot )+Brm,wAm, wU [(52 ,n"HPd) (Ut )—’_ﬁm w w]

Then the unconditional variance of market return can be derived like
this:
Tm,t+1 — Erm,t+1
=kim(Zmi+1 — Ezmit1) — (Zmt — Ezm t) (9d,t41 — Egd t+1)

= ki n[A1m (91— 1257) + Az (0711 —0)] = [A1m (90— 1257) + Az (07 —
o) + paoruei1 + Ga(ge — Th7)
= (kimArm + 0a) (1 + bege + onsr — 1157) + kimAzm (V1 (o} 2—0?)+

owwit1) — Aum(ge — 450) — As (o} — o )+<Pd0tut+1
So Var(ry) = E(rmt41 — Ermt+1)? can be calculated as’

Var(rm) = (kl mAl m+¢d) (Ut) [(kl mAl m+¢d)¢c Al 7n] Var(gt)
(k1m1 — 1)243, Var(o?) + pIE(07) + ki, A2

2mw

APPENDIX: J. RISK-FREE RATE AND ITS VOLATILITY

For the risk-free rate, we have the Euler Equation as®:

Ei{exp(logd — vgi41 — Arw41 +7p041)} =1

1 1
explogd - expry i1 - exp[—yEigi1 + ivart('ygtﬂ)] - exp[—AETw i1 + §vart()\rw7t+1)] =

1
S0are(Yge+1 + AT 1) + oV (Vge1, AMTw t41)

’I"f7t+1 = —log5 =+ 'YEtgt—&-l + AEtrw,t—i-l — B

1
= —logd +VEigit1 + AEiTw 141 — gwﬁ(mtﬂ) + covt (VG415 AT t41)
1
= —logd + VEgt41 + AEirw 41 — Q(Afrt,nag + A w0s) + YAk AL + 1)0?

“In the deduction of Var(r.,), we have
Var(omey1) = E(oinis1) — B> (oumi1) = E(07)Emiy1) — E*(04) E*(ne41) = E(07)

By the same logic, we also have Var(oiui+1) = E(0?).
Brw7t+1 depends on z¢, z¢4+1 and gi4+1. gi+1 depends on 7mi41. z¢ depends on giy1
and Uf, Uf depends on w¢. So, ultimately, both 74, ¢++1 and g¢+1 are normal processes.

1
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So the unconditional expectation of risk-free rate is:

1
Erji = —1og5+7Egt+1+AErw,t+1—§(AﬁwE(of)JrA? o2 )+ Ak A1 +1)E(a})

m,w” w

in which Erw,t—l-l = ko + kl (AQ + A1E9t+1 + A2E0t2+1) — (AQ + AlEgt +
AQEO-?) + Egt+1.

For the unconditional variance of risk-free rate, we have:

Teed1 — By
= Y(Ergis1 — Egryr) + MEirwis1 — Erwsr) — %)\%m(df — E(0?)) +
YA(k1 Ay + 1)(07 — E(07))
= ()\ +v+ AklAl)(,U/"_(ﬁcgt — ﬁ) + [)\klAng — Ay — %)\2”777 +’}/)\(1€1A1 +
)02 - B(0?) ~ Mg — )

SoVar(rgis1) = [(A+7+Me1 A1) de — ANA1*Var(ge) + [Ne1 Agvy — AAg —
INZ L+ YA (k1A +1)]2Var(o?).10

m,n
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