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This paper investigates an intertemporal general equilibrium theory of cap-
ital asset pricing with the spirit of capitalism. It is an attempt to put togeth-
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1. INTRODUCTION

In growth and asset-pricing models, wealth accumulation is often taken
to be solely driven by one’s desire to increase consumption rewards. The
representative agent chooses his consumption path to maximize his/her
discounted utility, which is defined only on consumption. Whereas this
motive is important for wealth accumulation, it is, however, not the only
motive. As social animals, people accumulate wealth also to gain prestige,
social status, and power in the society. Possession of wealth is, to a con-
siderable degree, a measure and standard of a person’s success in a society.
There is a recent literature that has paid attention to this motive which
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cogently argues that concern for social status is instrumental in obtaining
nonmarket goods; see Cole et al. (1992), Zou (1994,1995), Bakshi and Chen
(1996), Carroll (2000) and Fancis (2009). In these wealth-is-status models,
the representative agent accumulates wealth not only for consumption but
also for wealth-induced status. Another interpretation of these models is
in line with the spirit of capitalism (SOC) in the sense of Weber (1958)
and Keynes (1971): capitalists accumulate wealth for the sake of wealth.
To quote Weber (1958):

Man is dominated by the making of money, by acquisition as the ultimate
purpose of his life. Economic acquisition is no longer subordinated to
man as the means for the satisfaction of his material needs. This reversal
relationship, so irrational from a naive point of view, is evidently a leading
principle of capitalism.

The SOC hypothesis is formalized by including wealth into the utility
function. Concerns about the relative social position arise endogenous-
ly in a model with intergenerational transmission of cultural traits (Bisin
and Verdir, 1998) and in an evolutionary model with incomplete environ-
mental information (Samuelson, 2004). The financial literature justifies
direct preferences for wealth on different grounds. Behavioral experiments
demonstrate that the degree of risk aversion varies with financial wealth.
Financial models with utility flows from the level or changes in the level of
financial wealth help to explain various stylized facts about financial mar-
ket (Barberis et al., 2001; Levy and Levy, 2004; McQueen and Vorkink,
2004).

Lucas (1978) studied asset pricing theory and equilibrium in a pure ex-
change economy. The equilibrium for a production economy was investi-
gated by Brock (1982). For more about equilibrium theory can be found in
(Miao, 2004;2009) and (Cuoco and He 2001). The current paper introduces
the SOC hypothesis into a neoclassical growth model. The equilibrium for
the model is defined and characterized by the first-order conditions for
optimal growth problem.

The empirical estimates support the existence of the intrinsic desire for
wealth. Karnizova (2010) introduced the SOC hypothesis into a neoclas-
sical growth model with capital adjustment costs and demonstrated how
the SOC hypothesis was one mechanism through which news shocks could
lead to booms and busts. In this paper, we give a theoretical proof of
the existence of equilibrium. We will characterize equilibrium by the first-
order conditions of optimal growth model, and then prove the existence of
equilibrium.

Modigliani and Miller(1958) prove that if markets were complete, then
firms were indifferent between debt and equity financing, so the debt-equity
ratio was indeterminate. In this paper, we will consider the Modigliani-
Miller theorem for the SOC model.
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The rest of this paper is organized as follows. Section 2 describes the
SOC model. Section 3 gives an equivalent characterization of equilibrium.
Section 4 considers the Modigliani-Miller theorem with social-status con-
cern. In section 5 an explicit example of the model is solved. We conclude
this paper in Section 6. The Appendix contains the proofs.

2. THE SPIRIT-OF-CAPITALISM MODEL

2.1. The household’s problem

The economy is populated by identical households who maximize their
lifetime utility

E0

[ ∞∑
t=0

βtu(ct, xt, lt)

]
, 0 < β < 1, (1)

defined over consumption ct, the index of status xt, and the labor lt. The
notation E0 corresponds to the expectation conditional upon the infor-
mation available in period zero, and β is the discount factor. The utility
function u : R3

+ → R3
+ is twice continuously differentiable. This assumption

is equivalent to

uc > 0, ux > 0, ul < 0, ucc < 0, uxx < 0, ull > 0.

In addition, u(ct, xt, lt) satisfies the Inada conditions

lim
c→0

uc =∞, lim
c→∞

uc = 0, lim
x→0

ux =∞, lim
x→∞

ux = 0.

The representative household faces a sequence of budget constraints

ct + qtzt+1 + bt+1 ≤ wtlt + (qt + dt)zt + (1 + rt)bt, t = 0, 1, · · · , (2)

where wt is the hourly wage, zt+1 is the share of a representative firm
owned by the household at the end of period t, qt is the period t price of
a claim to future profits of the firm, dt are the period t dividends, bt and
1 + rt are the quantity and the gross return on risk-free one period bonds.
The return 1 + rt is determined in period t, but is paid off in t+ 1. Status
is defined as the value of financial assets held at the end of each period:

xt = qtzt+1 + bt+1. (3)

The representative household chooses consumption and asset holdings
to maximize the lifetime utility subject to the definition of status and the
budget constraints. The first order conditions for the household’s problem
are

uc(ct, xt, lt) = ux(ct, xt, lt) + βEt[uc(ct+1, xt+1, lt+1)ret+1], (4)
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uc(ct, xt, lt) = ux(ct, xt, lt) + β(1 + rt)Et[uc(ct+1, xt+1, lt+1)], (5)

ul(ct, xt, lt) = wtuc(ct, xt, lt). (6)

The variable ret+1 = (qt+1 + dt+1)/qt defines the return from holding the
firm for one period.

2.2. The firm’s problem

A perfectly competitive representative firm produces aggregate output
from capital and labor inputs using a function that satisfies constant returns
to scale

yt = f(kt, lt, θt), (7)

where fk > 0, fl > 0, fkk < 0, fll < 0 and θt : Ω → Θ = [θ, θ] is the
technology shock that is i.i.d with stationary distribution function G. The
function G has the properties that G(θ) = 0 for θ ≤ θ and G(θ) = 1 for
θ ≥ θ. Also dG > 0 and dG is continuous.

The period t value of the firm equals to the present value of its current
and future dividends

Et(Dt + St) = Dt + Et

{ ∞∑
i=1

[( i∏
j=1

1

ret+i+j

)
Dt+i+j

]}
,

where Dt = yt − wtlt − it, and it is the investment of period t. The firm’s
capital stock obeys an accumulation equation

kt+1 = (1− δ)kt + it, k0 is given.

The first order conditions for the profit maximization are

fl(kt, lt, θt) = wt; (8)

1 = Et
{ 1

ret+1

[fk(kt+1, lt+1, θt+1) + (1− δ)]
}
. (9)

Define net cash flow from the firm to households as

Nt = πt − kt+1 + (1− δ)kt,

which is the gross profit net of investment. By the definition of πt,

Nt = dtzt + (1 + rt)bt + qt(zt − zt+1)− bt+1.

Thus, the net cash flow to households equals the sum of dividend and
interest payments on outstanding shares and debt minus new share and
debt issues.
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Constant returns to scale in output production implies that the present
value of the expected future dividends per unit of capital is equal to 1, that
is

1 =
1

kt+1

∞∑
j=1

[( j∏
i=1

1

ret+j

)
Nt+j

]
=

qt
kt+1

.

Thus, at an optimum the period t market value of the firm is qt = kt+1.
The value of the firm is equal to the capital it owns. Assumptions also
imply that the return on owning the firm for one period coincides with the
return on owning a unit of capital. Hence an alternative expression for the
risky return is

ret+1 = fk(kt+1, lt+1, θt+1) + (1− δ). (10)

2.3. Equilibrium

Definition 2.1. A rational expectation equilibrium is the sequences of
prices
{wt, ret , qt, rt}∞t=0 and allocations {lt, ct, xt, it, zt+1, bt+1, yt, kt+1, dt}∞t=0 such
that (1) allocations are optimal given prices (that is, households maximize
utility and firms maximize profits) and (2) market for the goods and assets
clear, given k0 and the technology processes {θt}, that is (i) zt+1 ≤ 1 and
qt = 0 if zt+1 < 1; (ii) ct + it = f(kt, lt, θt); (iii) bt+1 = 0.

3. ASSET PRICING AND GROWTH WITH SOC

3.1. A pricing function with SOC

It would be nice if the first order conditions (4) − (6) characterize con-
sumer optima. But it is well known that a ”transversality condition” as
infinity is needed in addition to completely characterize optima. In fact,
we can prove

Lemma 1. Assume that W (yt, t)→ 0, t→∞, where W (yt, t) is defined
by

W (yt, t) = maxE0

[ ∞∑
s=t

βsu(cs, xs, ls)
]

(11)

subject to (2). Then, given {wt}∞t=0, {qt}∞t=0, {dt}∞t=0, optimum solutions
{lt}∞t=0, {ct}∞t=0, {zt+1}∞t=0, {bt+1}∞t=0 to the consumer’s problem (1) subject
to (2) are characterized by (4)− (6) and

lim
t→∞

E0{βtuc(ct, xt, lt)qtzt+1} = 0, (12)
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lim
t→∞

E0{βtuc(ct, xt, lt)bt+1} = 0. (13)

and

lim
t→∞

E0{βtux(ct, xt, lt)xt} = 0. (14)

In view of (4), we get

uc(ct, xt, lt)qt = ux(ct, xt, lt)qt + βEt[uc(ct+1, xt+1, lt+1)(qt+1 + dt+1)]

=
ux(ct, xt, lt)

uc(ct, xt, lt)
uc(ct, xt, lt)qt + βEt[uc(ct+1, xt+1, lt+1)dt+1]

+βEt[uc(ct+1, xt+1, lt+1)qt+1].

Therefore,

uc(ct, xt, lt)qt =
(
1− ux(ct, xt, lt)

uc(ct, xt, lt)

)−1
βEt[uc(ct+1, xt+1, lt+1)dt+1]

+
(
1− ux(ct, xt, lt)

uc(ct, xt, lt)

)−1
βEt[uc(ct+1, xt+1, lt+1)qt+1].

If we assume dt ≥ 0, then 1 − ux(ct,xt,lt)
uc(ct,xt,lt)

≥ 0, that is ux(ct, xt, lt) ≤
uc(ct, xt, lt). Therefore, the equilibrium attains only on the set{

{ct, xt, lt}∞t=0|ux(ct, xt, lt) ≤ uc(ct, xt, lt), t ≥ 0

}
.

For any 0 < α < 1, define

Λα =

{
y ∈ [0,∞)× [0,∞)× [0,∞)|0 < β

1− u2(y)
u1(y)

≤ α
}
.

Let

G(yt) =
(
1− ux(yt)

uc(yt)

)−1
βEt[uc(yt+1)dt+1]

for yt = (ct, xt, lt), and Zα be the space of bounded continuous functions
defined on Λα with the norm defined by ‖F‖ = supy∈Λα |F (y)|, for F ∈ Zα,
define

(TF )(y) = G(y) +
β

1− u2(y)
u1(y)

Et[F (y′)].

It is easy to know (Zα, ‖ · ‖) is a Banach space, and we can prove
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Lemma 2. T : Zα → Zα is a contraction with modulus α.

Proof. We must show that for any two elements F1, F2 ∈ Zα,

‖TF1 − TF2‖ ≤ α‖F1 − F2‖.

This can be proved by the definition of T easily.

Theorem 1. There exists exactly one asset pricing function of the form
P (y) where P ∈ Zα.

The proof of Theorem 1 is a simple application of contraction mapping
theorem.

Remark 3.1. If we let α = β, then Theorem 1 is the case of Brock (1982).

3.2. Optimal growth model with SOC

Consider the model which is given by

maxE0

[ ∞∑
t=0

βtu(ct, kt+1, lt)
]
, (15)

subject to

ct + kt+1 ≤ f(kt, lt, θt) + (1− δ)kt, (16)

and

xt = qtzt + bt,

where f is the production function and k0, θ0 are historically given.
The first-order conditions for the optimal growth model are follows:

uc(ct, kt+1, lt) = uk(ct, kt+1, lt) (17)

+ βEt[uc(ct+1, kt+2, lt+1)(fk(kt+1, lt+1, θt+1) + (1− δ))];

ul(ct, kt+1, lt) = −uc(ct, kt+1, lt)fl(kt, lt, θt). (18)

Lemma 3. (i) Let X = {ct, kt, lt}∞t=0 solve the optimal growth problem
(15). If we define

wt = fl(kt, lt, θt), it = kt+1 − (1− δ)kt, xt = qt = kt+1; (19)
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and

dt = f(kt, lt, θt)− fk(kt, θt)kt, 1 + rt = fk(kt, lt, θt) + (1− δ), ret =
qt + dt
qt

,

zt+1 = 1, bt+1 = 0, (20)

then (wt, qt, dt, rt, r
e
t , lt, xt, it, yt, kt+1, ct, zt+1, bt+1) is an equilibrium.

(ii) Let (wt, st, dt, r
f
t , r

e
t , lt, xt, it, yt, kt+1, ct, zt, bt) be an equilibrium. Then

X = {ct, kt, lt}∞t=0 solves the optimal growth problem (15), where kt+1 = qt.

4. THE MODIGLIANI-MILLER THEOREM WITH SOC

The Modigliani-Miller theorem says that if markets are complete, then
firms are indifferent between debt and equity financing, so the debt-equity
ratio is indeterminate. In this section, we consider the Modigliani-Miller
theorem for the SOC model. To ease the process of derivation and com-
parisons, we follow the notations of Altug and Labadie (2008).

4.1. The Modigliani-Miller theorem for the SOC model

The gross profit of the firm equals total sales minus its wage bill, or

πt = f(kt, lt, θt)− wtlt.

The receipts πt are disbursed in various ways: either paid out as dividends,
dtzt, as payments on bonds (1 + rt)bt, or held as retained earnings, REt.
The following accounting identity holds:

πt = REt + dtzt + (1 + rt)bt.

A firm can finance investment by: new bonds bt+1; new equity shares
qt(zt+1 − zt); or its retained earnings, REt. Hence, the firm’s investment,
kt+1 − (1− δ)kt, satisfies:

kt+1 − (1− δ)kt = bt+1 + (zt+1 − zt)qt +REt.

The ex-dividend value of the firm, or the value of the firm at the end of
the period after all dividend and debt payments have been made, is defined
as the value of its equity shares, qtzt+1, plus the value of its outstanding
debt, bt+1. Hence W e

t = qtzt+1 + bt+1. We can also define the ex-dividend
value as the total claims of shareholders and debtholders on the firm. The
value of the firm at the beginning of period t is the sum of net cash flow in
period t and the ex-dividend value

Wt = Nt +W e
t = Nt + qtzt+1 + bt+1.
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Let mt+1 = βEt
[uc(ct+1,xt+1,lt+1)

uc(ct,xt,lt)

]
. Then

W e
t =

[
1− ux(ct, xt, lt)

uc(ct, xt, lt)

]−1
Et
{
mt+1

[
(qt+1 + dt+1)zt+1 + (1 + rt+1)bt+1

]}
=
[
1− ux(ct, xt, lt)

uc(ct, xt, lt)

]−1
Et{mt+1[W e

t+1 + dt+1zt+1 + (1 + rt+1)bt+1

+qt+1(zt+1 − zt+2)− bt+2]}

=
[
1− ux(ct, xt, lt)

uc(ct, xt, lt)

]−1
Et[mt+1(W e

t+1 +Nt+1)]

=
[
1− ux(ct, xt, lt)

uc(ct, xt, lt)

]−1
Et

[ ∞∑
i=1

( i∏
j=1

mt+i+j

)
Nt+i+j

]
,

assuming that the discounted value

lim
i→∞

Et[(

i∏
j=1

mt+i+j)W
e
t+i]→ 0.

At the beginning of period t, the firm solves

Wt = max
{kj+1, lj}∞j=t

[
1−ux(ct, xt, lt)

uc(ct, xt, lt)

]−1
{
Nt+Et

[ ∞∑
i=1

( i∏
j=1

mt+i+j

)
Nt+i+j

]}
,

subject to the law of motion for capital kt+1 = (1 − δ)kt + it, given the
expression for net cash flow Nt = f(kt, lt, θt) − wtlt − it and the initial
capital stock kt.

Under the assumption of constant returns to scale, gross profits are equal
to πt = f ′(kt, lt, θt)kt, or the value of capital which is the marginal product
of capital times the capital stock per capita. Hence, the net cash flow is

Nt = f ′(kt, lt, θt)kt − [kt+1 − (1− δ)kt].

Therefore, the firm’s cash flow does not depend on the financing decisions
made by the firm. In particular, it does not depend on the amount of
equity issued, the debt-equity ratio, nor on the amount of retained earnings.

With the SOC hypothesis, although ux(ct,xt,lt)
uc(ct,xt,lt)

6= 0, the Modigliani-Miller

theorem also holds.

4.2. Taxes and the debt-equity ratio with SOC

It is well known that the Modigliani-Miller theorem does not hold with
taxes. We hope to offer further insights into this issue with SOC in this
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section. The government assesses a proportional income tax equal to τy on
households so that a household’s budget constraint becomes

ct + qtzt+1 + bt+1 ≤ (1− τy)(wtlt + rtbt + dtzt) + bt + qtzt. (21)

The first-order conditions are

uc(ct, xt, lt) = ux(ct, xt, lt) + βEt[uc(ct+1, xt+1, lt+1)
qt+1 + (1− τy)dt+1

qt
],

(22)

uc(ct, xt, lt) = ux(ct, xt, lt) +β(1 + (1− τy)rt)Et[uc(ct+1, xt+1, lt+1)], (23)

ul(ct, xt, lt) = (1− τy)wtuc(ct, xt, lt). (24)

We assume constant returns to scale in production for convenience. The
firm’s gross profits are

πt = f(kt, lt, θt)− wtlt.

The gross profits of a firm are distributed as

(1− τp)πt = REt + dtzt + (1 + rt)bt − τprtbt.

In this expression, the term τprtbt reflects the deduction of interest pay-
ments on debt and τpπt is the amount of tax paid by the firm. Define the
after-tax net cash flow as Nτ

t by

Nτ
t = (1− τp)πt − [kt+1 − (1− δ)kt]

= dtzt + (1 + rt)bt − τprtbt + qt(zt − zt+1)− bt+1.

Let mt+1 = βEt
[uc(ct+1,xt+1,lt+1)

uc(ct,xt,lt)

]
. Then

W e
t = qtzt+1 + bt+1

=
[
1− ux(ct, xt, lt)

uc(ct, xt, lt)

]−1
Et
{
mt+1

[
(qt+1 + (1− τy)dt+1)zt+1

+(1 + rt+1(1− τy))bt+1

]}
=
[
1− ux(ct, xt, lt)

uc(ct, xt, lt)

]−1
Et{mt+1[W e

t+1 + (1− τy)dt+1zt+1

+(1 + rt+1(1− τy))bt+1 + qt+1(zt+1 − zt+2)− bt+2]}

=
[
1− ux(ct, xt, lt)

uc(ct, xt, lt)

]−1
Et

{
mt+1

[
((τp − τy)rt+1bt+1
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−τydt+1zt+1 +Nτ
t+1 +W e

t+1

]}
.

Define the debt-equity ratio and the dividend-price ratio by

Dt =
bt+1

qtzt+1
, Ψt+1 =

dt+1

qt
,

then, by first-order condition (23),

qtzt+1 =
W e
t

1 +Dt
, et[mt+1rt+1] =

1− ux(ct,xt,lt)
uc(ct,xt,lt)

− Et[mt+1]

1− τy
.

Therefore,

W e
t =

[
1− ux(ct, xt, lt)

uc(ct, xt, lt)

]−1
{
τp − τy
1− τy

[1− ux(ct, xt, lt)

uc(ct, xt, lt)
− Et[mt+1]]

W e
t Dt

1 +Dt

+Et

[
mt+1

(
− τy

W e
t Ψt+1

1 +Dt
+Nτ

t+1 +W e
t+1

)]
= Et[Ωt+1(Nτ

t+1 +W e
t+1)],

where

Ωt+1 =
mt+1

1− ux(ct,xt,lt)
uc(ct,xt,lt)

+ Dt
1+Dt

τy−τp
1−τy (1− ux(ct,xt,lt)

uc(ct,xt,lt)
− Et[mt+1]) +

τy
1+Dt

Et[mt+1Ψt+1]
.

Notice that if τy = τp = 0, then Ωt+1 = mt+1. The cost of capital to the
firm, defined as ρ = 1/Ω− 1 when there is taxation and ρ = 1/m− 1 when
there is not, increases with distortionary taxation. The cost of capital with
distortionary taxation can be expressed by

ρt+1 =
1

mt+1

(
1− ux(ct, xt, lt)

uc(ct, xt, lt)
+
bt+1

W e
t

τy − τp
1− τy

(1− ux(ct, xt, lt)

uc(ct, xt, lt)
− Et[mt+1])

+
τyqtzt+1

W e
t

Et[mt+1Ψt+1]−mt+1

)
,

which is a weighted average of the cost of debt capital and the cost of
equity capital. So, as long as the costs of debt and equity are not equal,
the cost of capital of the firm will depend on how much is financed with
debt and equity. The Modigliani-Miller theorem no longer holds because
clearly the discount rate now depends on the financing decisions made by
the firm.

Brock and Turnovsky (1981) study the firm’s optimization problem and
show that the optimal dividend policy and optimal capital structure will
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involve a corner solution: either all debt financing or all equity financing.
With the SOC hypothesis, we have

sgn
∂ρt+1

∂Dt
= sgn

{
1

m2
t+1

βEt[
uc(ct+1, xt+1, lt+1)ucx(ct, xt, lt)qtzt+1

uc(ct, xt, lt)2
]

[1− ux(ct, xt, lt)

uc(ct, xt, lt)
+

Dt

1 +Dt

τy − τp
1− τy

(1− ux(ct, xt, lt)

uc(ct, xt, lt)
− Et[mt+1])

]
+

τy
1 +Dt

Et[mt+1Ψt+1] +
1

mt+1[
− uc(ct, xt, lt)uxx(ct, xt, lt)qtzt+1 − ux(ct, xt, lt)ucx(ct, xt, lt)qtzt+1

u2
c(ct, xt, lt)

+
1

(1 +Dt)2

τy − τp
1− τy

(1− ux(ct, xt, lt)

uc(ct, xt, lt)
− Et[mt+1])

+
Dt

1 +Dt

τy − τp
1− τy

(1− uc(ct+1, xt+1, lt+1)ucx(ct, xt, lt)qtzt+1

uc(ct, xt, lt)2
− Et[mt+1])

+
Dt

1 +Dt

τy − τp
1− τy

(1− ux(ct, xt, lt)

uc(ct, xt, lt)

−βEt[
uc(ct+1, xt+1, lt+1)ucx(ct, xt, lt)qtzt+1

uc(ct, xt, lt)2
])− τy

(1 +Dt)2

Et[mt+1Ψt+1] +
τy

1 +Dt
Et[

uc(ct+1, xt+1, lt+1)ucx(ct, xt, lt)qtzt+1

uc(ct, xt, lt)2
Ψt+1]

]}
,

sgn
∂ρt+1

∂Ψt+1
= sgn{τyEt[mt+1]}.

Compared with Altug and Labadie (2008) (P276), the sign of ∂ρt+1

∂Dt
is much

more difficult to be decided. In other words, it is very difficult to minimize
firm’s cost of capital by choosing the optimal debt-equity ratio Dt.

5. AN EXAMPLE

In this section, we present a solved example. Let

u(ct, xt, lt) = (1− ω) ln ct + ω lnxt − ηt
l1+ψ
t

1 + ψ
,

where 0 < ω < 1 and ηt > 0, ψ ≥ 0. The production function is given by

f(kt, lt, θt) = θtk
α
t l

1−α
t

for 0 < α < 1 and the production shock θt.
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We consider the following problem:

maxE0

[ ∞∑
t=0

βtu(ct, kt+1, lt)

]

subject to

ct + kt+1 ≤ f(kt, lt, θt).

First-order conditions are

1− ω
ct

=
ω

kt+1
+ αβEt

{
ω

ct+1

[
θt+1k

α−1
t+1 l

1−α
t+1

]}
(25)

and

ηtl
ψ
t =

1− ω
ct

θt(1− α)kαt l
−α
t . (26)

Let yt = f(kt, lt, θt) and ct = λyt. Then kt+1 = (1− λ)yt. Following from
(25),

1− ω
λyt

=
ω

kt+1
+ αβEt

{
1− ω
λyt+1

[
θt+1k

α−1
t+1 l

1−α
t+1

]}
=

ω

kt+1
+ αβEt

{
(1− ω)

[
θt+1k

α−1
t+1 l

1−α
t+1

]
λ
[
θt+1kαt+1l

1−α
t+1

] }
=

ω

kt+1
+
αβ(1− ω)

λkt+1
=
λω + αβ(1− ω)

λkt+1
.

This proves that

kt+1 =
[ ω

1− ω
λ+ αβ

]
yt = (1− λ)yt.

So λ = (1− ω)(1− αβ), that is

ct = (1− ω)(1− αβ)yt, and kt+1 =
(
(1− αβ)ω + αβ

)
yt.

By (26),

lt =

(
(1− ω)(1− α)θtk

α
t

ηtct

) 1
φ+α

.

Then, by Lemma 3, we get an equilibrium.
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6. SUMMARY

In this paper, we have proved the following results: (1) the existence of
equilibrium asset price with SOC ; (2)the relation between equilibrium and
optimal growth with SOC; (3)the M-M theorem holds with SOC; (4)The
M-M theorem does not hold with taxes for SOC.

APPENDIX A

Proof of Lemma 1. Suppose {c̄t}∞t=0, {z̄t+1}∞t=0, {b̄t+1}∞t=0 are character-
ized by (4)− (6), (12)− (14) and let {ct}∞t=0, {zt+1}∞t=0, {bt+1}∞t=0 be any
stochastic process satisfying the same initial conditions. Compute for each
T an upper bound to the shortfall:

E0

{ T∑
t=0

βt
(
u(ct, xt, lt)− u(c̄t, x̄t, l̄t)

)}

= E0

{ T∑
t=0

βt
[
uc(c̄t, x̄t, l̄t)(ct − c̄t) + ux(c̄t, x̄t, l̄t)(xt − x̄t) + ul(c̄t, x̄t, l̄t)(lt − l̄t)

]}

= E0

{ T∑
t=0

βt
[
uc(c̄t, x̄t, l̄t)

(
wtlt + (qt + dt)zt + (1 + rt)bt − qtzt+1 − bt+1

−wt l̄t − (qt + dt)z̄t − (1 + rt)b̄t + qtz̄t+1 + b̄t+1

)
+ ux(c̄t, x̄t, l̄t)(xt − x̄t)

+ul(c̄t, x̄t, l̄t)(lt − l̄t)
]}

= E0

{ T∑
t=0

βt{−ulc̄t, x̄t, l̄t)lt + β−1uc(c̄t−1, x̄t−1, l̄t−1)(qt−1zt + bt)

−β−1ux(c̄t−1, x̄t−1, l̄t−1)(qt−1zt + bt)− uc(c̄t, x̄t, l̄t)(qtzt+1 + bt+1)

+ulc̄t, x̄t, l̄t)l̄t − β−1uc(c̄t−1, x̄t−1, l̄t−1)(qt−1z̄t + b̄t)

+β−1ux(c̄t−1, x̄t−1, l̄t−1)(qt−1z̄t + b̄t) + uc(c̄t, x̄t, l̄t)(qtz̄t+1 + b̄t+1)

+ux(c̄t, x̄t, l̄t)(xt − x̄t) + ul(c̄t, x̄t, l̄t)(lt − l̄t)
]
}
}

= E0

{ T∑
t=0

{βt−1uc(c̄t−1, x̄t−1, l̄t−1)
(
qt−1zt + bt)− βt−1ux(c̄t−1, x̄t−1, l̄t−1)(

qt−1zt + bt)− βtuc(c̄t, x̄t, l̄t)(qtzt+1 + bt+1) + βtux(c̄t, x̄t, l̄t)(qtzt+1 + bt+1)

−βt−1uc(c̄t−1, x̄t−1, l̄t−1)
(
qt−1z̄t + b̄t) + βt−1ux(c̄t−1, x̄t−1, l̄t−1)(

qt−1z̄t + b̄t) + βtuc(c̄t, x̄t, l̄t)(qtz̄t+1 + b̄t+1)− βtux(c̄t, x̄t, l̄t)(qtz̄t+1 + b̄t+1)

}



ASSET PRICING, CAPITAL STRUCTURE 357

= E0

{
βTuc(c̄T , x̄T , l̄T )(qT−1z̄T + b̄T )− βTux(c̄T , x̄T , l̄T )(qT−1z̄T + b̄T )

−βTuc(c̄T , x̄T , l̄T )(qT−1zT + bT ) + βTux(c̄T , x̄T , l̄T )(qT−1zT + bT )

}
≤ E0

{
βTuc(c̄T , x̄T , l̄T )(qT−1z̄T + b̄T )− βTux(c̄T , x̄T , l̄T )(qT−1z̄T + b̄T )

}
→ 0

as T →∞.
Here equations (4)− (6) were used to telescope out the middle terms in

the series and get

βTuc(c̄T , x̄T , l̄T )(qT−1zT + bT ) ≥ βTux(c̄T , x̄T , l̄T )(qT−1zT + bT ),

the last equation follows from (12)− (14).
Now let {c̄t}∞t=0, {z̄t+1}∞t=0, {b̄t+1}∞t=0,{l̄t}∞t=0 be optimal given {wt, qt, dt, rt}.

Since uc(0, xt, lt) = +∞ implies that (̄c)t > 0 and W is differentiable at ȳt,
by concavity of W , and u ≥ 0,

W (yt, t) ≥ W (yt, t)−W (yt/2, t) ≥W ′(yt, t)yt/2

= βt
[
uc(ct, xt, lt) + ux(ct, xt, lt) + ul(ct, xt, lt)

1

wt

]
yt/2.

Therefore,

E0[W (yt, t)]→ 0, t→∞

implies

E0

{
βt
[
uc(ct, xt, lt) + ux(ct, xt, lt) + ul(ct, xt, lt)

1

wt

]}
yt → 0, t→∞.

But yt = wtlt + qtzt + dtzt + r(1 + rt)bt, so that

E0

{
βt
[
uc(ct, xt, lt) + ux(ct, xt, lt) + ul(ct, xt, lt)

1

wt

]}
(wtlt + qtzt + dtzt + (1 + rt)bt)

}
≥ E0

{
βt−1[uc(ct−1, xt−1, lt−1)qt−1zt

}
+ E0

{
βt−1[uc(ct−1, xt−1, lt−1)bt

}
+E0

{
βtux(ct, xt, lt)xt

}
.

Hence

lim
t→∞

E0{βtUc(ct, xt, lt)qtzt+1} = 0,

lim
t→∞

E0{βtUc(ct, xt, lt)bt+1} = 0.
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lim
t→∞

E0{βtUc(ct, xt, lt)xt} = 0.

This gives the proof of Lemma 1.

Proof of Lemma 3. (i)It is obvious that X satisfies the first-order necessary
conditions for an equilibrium by its very definition. What is at issue is
(12)− (14). Put

V (kt, t) = maxE0

{ ∞∑
s=t+1

βsu(cs, ks+1, ls)

}
subject to cs + ks+1 = f(ks, ls, θs) + (1− δ)ks. Then

V (kt, t) ≥ V (kt, t)− V (kt/2, t) ≥ V ′(kt, t)kt/2
≥ E0

{
βt+1uc(ct+1, kt+2, lt+1)[fk(kt+1, lt+1, θt+1) + (1− δ)]kt/2

}
kt/2

}
≥ 0.

Since lim
t→∞

V (kt, t) = 0,

E0

{
βtuc(ct, kt+1, lt)kt−1

}
= E0

{
βtuc(ct, kt+1, lt)xt

}
= E0

{
βtuc(ct, kt+1, lt)(qtzt+1 + bt+1)

}
→ 0.

Hence (12)− (14) hold. This establishes the implication (i) implies (ii).
In showing (ii) implies (i) it is clear that the first-order necessary condi-

tions for the quantity side of an equilibrium boils down to the first-order
conditions for the optimal growth problem. Similarly as for the proof of
Lemma 1, we can prove X is a solution of the optimal growth problem.
This ends the proof of Lemma 3.
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